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Let n G 2 be a fixed integer and
1rpp p pF x [ x y x y ??? yx x g R , .  .  .p 1 2 n p
 . where R denotes the set of all vectors x s x , . . . , x for which x G 0 i sp 1 n i
. p p p  . p p p1, . . . , n , x G x q ??? qx if p ) 0 and x ) 0 i s 1, . . . , n , x ) x q ??? qx1 2 n i 1 2 n
if p - 0.
Three inequalities are presented for F . The first is a comparison theorem. Thep
second is a ``Holder-like'' generalization of Aczel's inequality an extension ofÈ Â
.Popoviciu's inequality , while the third is a generalization of Bellman's inequality
to all possible values of p. The proofs show that the above inequalities are
consequences of some well-known inequalities for power means and power sums.
Q 1997 Academic Press
1. INTRODUCTION
 .Let n G 2 be a fixed integer a , b g R i s 1, . . . , n real numbers suchi i
that
a2 y a2 y ??? ya2 ) 0 or b2 y b2 y ??? yb2 ) 0.1 2 n 1 2 n
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Then
22 2 2 2 2 2a y a y ??? ya b y b y ??? yb F a b y a b y ??? ya b . . .  .1 2 n 1 2 n 1 1 2 2 n n
1 .
w xThis inequality was first considered by Aczel and Varga 3 . It was provedÂ
w xin detail by Aczel 1 , who used it to present some applications ofÂ
 .functional equations in non-Euclidean geometry. Inequality 1 was gener-
w x w xalized by Popoviciu 13 . His result is quoted in Mitrinovic 11 as follows.
 .  .If a s a , . . . , a and b s b , . . . , b are sequences of nonnegative1 n 1 n
real numbers such that
a p y a p y ??? ya p ) 0 or b p y b p y ??? yb p ) 0 2 .1 2 n 1 2 n
then, for p G 1,
a p y a p y ??? ya p b p y b p y ??? yb p .  .1 2 n 1 2 n
pF a b y a b y ??? ya b . 3 .  .1 1 2 2 n n
w xBellman 4 proved that
1rp 1rpp p p p p pa y a y ??? ya q b y b y ??? yb .  .1 2 n 1 2 n
1rpp p pF a q b y a q b y ??? y a q b 4 .  .  .  . .1 1 2 2 n n
 .if p G 1, a , b G 0 i s 1, . . . , n withi i
a p y a p y ??? ya p G 0 and b p y b p y ??? yb p G 0. 5 .1 2 n 1 2 n
w x  . Bjelica 6 showed that 3 is true only for 0 - p F 2 counterexample:
 . w x.  .  .p s 3, a s b s 2, 1, 1, 1 given in 6 and if instead of 2 the condition 5
1r p 1r p’  .  .is assumed the counterexample p s 2 , a s 2 , 1, 1 , b s 1, 2 , 1
 .shows that, even in the case 0 - p F 2, condition 2 does not ensure the
. w xnonnegativity of the expression a b y a b y ??? ya b . Kurepa 7 gen-1 1 2 2 n n
 .eralized 1 to positive semidefinite functionals of a vector space; Martin
w x w xand Trytten 10 and Kurepa 8 gave further generalizations.
We learned about Popoviciu's result from Bjelica's paper and checked it
w xin the book of Mitrinovic 11 . We felt that the right generalization of
Aczel's inequality is a ``Holder-like'' inequality involving conjugate expo-Â È
nents. We already proved such an inequality before obtaining a copy of
w x w x  .Popoviciu's paper 13 . To our surprise what we found in 13 was not 2 ,
 .3 but the following result.
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 .If p ) 1, 1rp q 1rq s 1, a , b G 0 i s 1, . . . , n withi i
a p y a p y ??? ya p ) 0, b p y b p y ??? yb p ) 0,1 2 n 1 2 n
then
1rp 1rqp p p q q qa y a y ??? ya b y b y ??? yb .  .1 2 n 1 2 n
F a b y a b y ??? ya b .1 1 2 2 n n
This is the ``Holder-like'' generalization of Aczel's inequality we sought toÈ Â
w x w xdiscover. Thus Popo¨iciu's result is wrongly quoted in 6 and 11 .
 .In this note we present a new comparison theorem Theorem 1 . Theo-
rem 2 gives a characterization of the exponents in the Holder-like general-È
ization of Aczel's inequality. Popoviciu's result is a special case of this;Â
Bejelica's result is a consequence of theorems 1 and 2. Theorem 3 is an
 .extension of Bellman's inequality 4 to all possible ¨alues of p with condi-
tions for equality, too. At the end of the paper, we indicate how weighted
versions of our inequalities can be obtained.
RESULTS AND PROOFS
 .Let n G 2 be an integer considered fixed throughout the paper and
define the function
1rpp p pF x [ x y x y ??? yx x g R , .  .  .p 1 2 n p
where
R s x s x , . . . , x ¬ x G 0 i s 1, . . . , n , x p G x p q ??? qx p 4 .  .p 1 n i 1 2 n
if p ) 0 and
R s x s x , . . . , x ¬ x ) 0 i s 1, . . . , n , x p ) x p q ??? qx p 4 .  .p 1 n i 1 2 n
if p - 0. F p is an indefinite form of its variables.p
Our first result is a comparison theorem for F .p
THEOREM 1. If 0 - p - q, x g R then x g R andp q
f x F F x . 6 .  .  .p q
 .Equality occurs in 6 if and only if x G 0, x s ??? s x s 0 or if x s x1 2 n 1 s
 4  4  4) 0 for some s g 2, . . . , n and x s 0 for i g 2, . . . , n _ s .i
If p - q - 0, x g R , then x g R andq p
F x - F x . 7 .  .  .p q
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 .  .If p - 0 - q, then R l R s B, hence F x , F x cannot both bep q p q
defined, they are not comparable.
Proof. We need the following well-known result for power sums see,
w x.e.g., Beckenbach and Bellman 5, Chap. 1, Section 16 .
Let p g R, p / 0 and
1rpp p pS y [ y q y q ??? qy y g D if p ) 0; y g D if p - 0, .  .p 1 2 n 1 y1
where
D s y s y , . . . , y ¬ y ) 0 if p - 0, y G 0 if p ) 0 . 4 .sgn p 1 n i i
 .  .  .Then, for 0 - p - q, we ha¨e S y F S y y g D with equality if andp q 1
only if at most one y is positi¨ e.i
 .  .  .For p - q - 0, we ha¨e S y - S y y g Dp q y1
 .  .To pro¨e 6 , let a s F x , thenp
1rp 1rqp p p q q qx s a q x q ??? qx G a q x q ??? qx , 8 . .  .1 2 n 2 n
hence
x q y x q y ??? yx q G aq G 0,1 2 n
 .which shows that x g R . Taking qth root, we immediately obtain 6 .q
 .  .Equality stands in 6 if and only if equality holds in 8 . This occurs exactly
if a s x s ??? s x s 0 or a ) 0, x s ??? s x s 0 or x ) 0 for some2 n 2 n s
 4  4s g 2, . . . , n and a s x s 0 for i g 2, . . . , n , i / s. It is easy to see thati
this occurs exactly in the cases stated in Theorem 1.
If p - q - 0, then the proof is similar to the previous case, and equality
 .cannot occur since x ) 0 i s 1, . . . , n .i
If p - 0 - q, then, from the assumption x g R l R , we infer thatp q
x , x ) 0, x p ) x p, x q G x q; hence x - x and x G x , which is impossi-1 2 1 2 1 2 1 2 1 2
ble.
To formulate the next theorem, we introduce the t th power mean of a
vector x g Q byp
1r tt t¡ x q ??? qx1 n
if t / 0, /~ nM x [ .t
n¢ x ??? x if t s 0,’ 1 n
where t is an arbitrary real number and
Q s x s x , . . . , x ¬ x G 0 if t G 0 and x ) 0 if t - 0 i s 1, . . . , n . 4 .  .t 1 n i i
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THEOREM 2. Let k G 2 be an integer, p ??? p / 0, 1 s 1rp1 k 1
q ??? q1rp . The inequalityk
F x ??? F x F F x ??? x .  .  .p 1 p k 1 1 k1 k
x s x , . . . , x g R , j s 1, . . . , k , 9 .  . .j j1 jn p j
where
x ??? x [ x ??? x , . . . , x ??? x .1 k 11 k1 1n k n
holds if and only if the inequality
M y ??? y F M y ??? M y y g Q , j s 1, . . . , k 10 .  .  .  . .1 1 k p 1 p k j p1 k j
 .is satisfied. The same is true if the inequality signs are re¨ersed in both 9 and
 .10 .
Proof. With the notation
a s F x j s 1, . . . , k , 11 .  .  .j p jj
we obtain that
1rpjp p p y1r pj j j jx s a q x q ??? qx s n M y , 12 .  . .j1 j j2 jn p jj
where
y s a , x , . . . , x j s 1, . . . , k . 13 .  .  .j j j2 jn
 .  .With the notation 11 , inequality 9 can be rewritten as
a ??? a q x ??? x q ??? qx ??? x F x ??? x1 k 12 k 2 1n k n 11 k1
 .  .By 12 , 13 , we can write this as
M y ??? y F n1y1r p1y ? ? ? y1r pk M y ??? M y , 14 .  .  .  .1 1 k p 1 p k1 k
 .which is exactly 10 . It is clear that x g R holds if and only if y given byj p jj
 .13 is in Q and every vector y g Q can be obtained from a vectorp j pj j
 .  .  .  .x g R through 13 , 11 , and conversely. Thus 9 and 10 are equiva-j p j
lent and the same applies for the reversed inequalities.
w x  w x.Applying a result of Pales 11 see also Aczel and Beckenbach 2 forÂ Â
 .  .10 , we obtain the following corollary with the cases of equality :
COROLLARY 1. Let k G 2 be an integer and p ??? p / 0, 1 s 1rp1 k 1
q ??? q1rp .k
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 .i The inequality
F x ??? F x F F x ??? x .  .  .p 1 p k 1 1 k1 k
x s x , . . . , x g R , j s 1, . . . , k 9 .  . .j j1 jn p j
holds if and only if p ) 0 for j s 1, . . . , k.j
 .ii The re¨ersed inequality
F x ??? F x G F x ??? x .  .  .p 1 p k 1 1 k1 k
x s x , . . . , x g R , j s 1, . . . , k . .j j1 jn p j
holds if and only if either p - 0 for j s 1, . . . , k or there exists exactly one jj
such that p ) 0.j
 . Equality occurs in 9 or in the re¨ersed inequality if and only if in addition
. pjto the conditions x g R the ¨ectors x are proportional, that is, there existj p j
 . na nonzero ¨ector u s u , . . . , u g R and a , . . . , a g R such that1 n 1 k
x pj s a u j s 1, . . . , k , i s 1, . . . , n . .ji j i
Proof. We note that if p ??? p / 0 and 1rp q ??? q1rp s 1, then1 k 1 k
 .  .10 holds if and only if p ) 0 for j s 1, . . . , k. The converse of 10 isj
 4  w x.valid if and only if p - 0 except for at most one j g 1, . . . , k cf. 12 .j
Thus Theorem 2 yields the statement.
 .  .The vectors x g R j s 1, . . . , k satisfy 9 with equality if and only if,j p j
 .  .  .  .with the notations 11 and 13 , y g Q j s 1, . . . , k fulfill 10 withj p j
equality. The latter is valid exactly when the vectors y p1, . . . , y pk are1 k
proportional. This is, however, equivalent to the proportionality of
x p1, . . . , x pk.1 k
w xWe have to note here that in the cited paper 12 of Pales the inequalityÂ
 .10 is supposed to hold for all n, while here the value of n G 2 is fixed.
 .However, the inequality 10 is equivalent to the n-term Jensen-Convexity
of the function
u , . . . , u ¬ u1r p1 ??? u1r pk .1 k 1 k
on the domain
u , . . . , u ¬ u G 0 if p ) 0, u ) 0 if p - 0 . 4 .1 k i i i i
The Jensen-convexity inequality satisfied for fixed n G 2 always implies
w xthe same inequality for any n. Thus, the results from 12 can be applied.
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An important consequence is the special case k s 2, p s p, p s q:1 2
 .COROLLARY 2. i Let p, q ) 0, 1rp q 1rq s 1. If x g R , y g R ,p q
then
F x F y F F xy . 15 .  .  .  .p q 1
 . Equality occurs in 15 if and only if in addition to the conditions x g R ,p
.y g Rq
a x p s b y q i s 1, . . . , n 16 .  .1 i
hold with a , b G 0, a 2 q b 2 ) 0.
 .ii Let pq - 0, 1rp q 1rq s 1. If x g R , y g R , thenp q
F x F y G F xy . 17 .  .  .  .p q 1
 .  .Equality occurs in 17 if and only if 16 holds.
w x  .Popoviciu's theorem 13 is statement i of Corollary 2.
 .Applying Corollary 2 with p s q s 2 Aczel's inequality and Theorem 1Â
with 0 - p F 2, we get
 w x.COROLLARY 3 Compare with Bjelica 6 . If 0 - p F 2, x, y g R , thenp
F x F y F F x F y F F xy . .  .  .  .  .p p 2 2 1
w xThe following result is an extension of Bellman's theorem 4 , with a new
and simple proof.
THEOREM 3. If p ) 1, x, y g R thenp
x q y [ x q y , . . . , x q y g R 18 .  .1 1 n n p
and
F x q F y F F x q y . 19 .  .  .  .p q p
If p - 0, x, y g R , then x q y g R andp p
F x q F y G F x q y . 20 .  .  .  .p q p
If 0 - p - 1, x, y g R , thenp
p p p p
F x q F y G x q y y x q y y ??? y x q y . 21 .  .  .  .  .  .p q 1 1 2 2 n n
 .  .  .Equality holds in 19 or 20 or 21 if and only if the coordinates of the
¨ectors x, y g R are proportional.p
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 .  .Proof. Let p ) 1, a s F x , b s F y . Thenp p
1rp 1rpp p p p p px s a q x q ??? qx , y s b q y q ??? qy .  .1 2 n 1 2 n
 w x.and by Minkowski's inequality see e.g. Mitrinovic 11, p. 55, Theorem 2
1rp 1rpp p p p p px q y s a q x q ??? qx q b q y q ??? qy .  .1 1 2 n 2 n
1rpp p pG a q b q x q y q ??? q x q y , 22 .  .  .  .2 2 n n
or
p p p p
x q y y x q y y ??? y x q y G a q b , 23 .  .  .  .  .1 1 2 2 n n
 .which shows that x q y g R . Taking the 1rp th power of both sides, wep
 .  .get the required inequality 19 . Equality occurs in 19 if and only if
 .equality stands in 22 . This holds if and only if the vectors
 .  .a, x , . . . , x , b, y , . . . , y are proportional. Using the definition of a, b,2 n 2 n
we infer that this is true exactly if the vectors x, y are proportional.
If p - 0 or 0 - p - 1, then, by applying the reversed Minkowski's
 w x w x.inequality, see, e.g., Mitrinovic 11, p. 55, Theorem 2 ; Losonczi 9 the
 .  .inequality sign is reversed in 22 . Taking pth powers of both sides of 22 ,
 .  .  .we get 23 if p - 0 thus x q y g R follows and the reverse of 23 ifp
 .0 - p - 1. Thus, in the latter case we get 21 while if p - 0 we have to
 .  .  .raise 23 to the 1rp th power to get 20 . The cases of equality can be
settled similarly to the case p ) 1.
Remark 1. We can easily obtain weighted versions of our inequalities.
 .  .  . In case of 9 or 11 , simply replace the vectors x , . . . , x , . . . , x ,11 1n k1
.  1r p1 1r p1 .  1r pk. . . , x by the vectors w x , . . . , w x , . . . , w x , . . . ,k n 11 11 1n 1n k1 k1
1r pk .  .w x , respectively, where w ) 0 i s 1, . . . , n are arbitrary weights.k n k n i
 .  .  .In case of 19 or 20 or 21 , the vectors x, y should be replaced by
 .  .w x , . . . , w x , w y , . . . , w y , respectively.1 1 n n 1 1 n n
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